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Introduction 

Let u: A — > B be a bounded linear operator between two C*-algebras A, B. The 
following result was proved in [PI]. 

Theorem 0.1. There is a numerical constant K\ such that for all finite sequences x\ 7 . . . , x n 
in A we have 
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A simpler proof was given in [HI]. More recently an other alternate proof appeared 
in [LPP]. In this paper we give a sequence of generalizations of this inequality. 

The above inequality (0.1)i appears as the case of "degree one" in this sequence. The 
next case of degree 2 seems particularly interesting, we now formulate it explicitly. 



Partially supported by the N.S.F. 



Let us assume that A C B(H) (embedded as a C*-subalgebra) for some Hilbert space 
H, and similarly that B C B(K). Let (a^ ) be an n x n matrix of elements of A. We define 
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Then we have 



Theorem 0.2. There is a numerical constant K 2 such that for all n and for all (a^) in 
M n (A) we have 

(0.1) 2 [(«M)]<2) <^2||«||[(ay)] (2 ). 

We recall in passing the following identities for G A and a; G A 
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\\{aij)\\M n (A) = sup 
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We will denote 

(0.2) [(ai)] ( i) = max 



t3 Xj f 



> Xj.VieH ^2\\xj\\ 2 <l, ^2 \\yi\\ 2 < l} , 
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{|y^(^' Q ^o) > x E H, yi e H \\x \\ < l, ||2/i|| 2 < l| 
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More generally, let us explain the general case of "degree fc" of our main result. Let > 1. 
Let n be a fixed integer. We will denote [n] = {1, 2, . . . , n}. Let {aj | J G [n] fc } be a 
family of elements of A indexed by [n] k . Let us denote by Pk the set of all the 2 fc subsets 
(including the void set) of {1,2,..., k}. 

For any a C {1, . . . , k} we denote by a c the complement of a and by 

tt q : [n] fc - [< 

the canonical projection, i.e. 

V J= (ji,...J k ) e [n} k tt(J) = (j'i)iea- 
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For any a with a 7^ and a c 7^ we define 



(0.3) 



{aj)\\ a = sup 



( a J X K a (J),yir a c(J)) 

JE[n] k 



where the supremum runs over all families 



{x £ I £ G [n] a } and {y m | m G [n]"'} 



of elements of H such that XI II x i\\ 2 < 1 an d X] 1 1 2/m 1 1 2 < 1- There is an alternate descrip- 
tion, we can identify [n] k with [n]" c x [n] a so that J G [n] fc is identified with with 
z = 7r Q c(J), j = 7r a (J). Then ||(aj)|| Q is nothing but the norm of the matrix (a^) acting 
from £ 2 (N a , H) into £2(H C , H). For a = 0, this definition extends naturally to 



{aj)h = sup 



1/2 



v JE[n] k 



( a J x o,yj) 

JE[n] k 

where the supremum runs over all Xq G H, yj G H such that ||xo|| < 1 and ^ ||yj|| 2 < 1. 
Similarly, for a = {1, . . . , k} we set 

ii(aj)iu= Qr^) 1 

We then define 
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(0.4) 



[(aj)] (fc) = max{||(aj)|| Q }. 



We can now state one of our main results. 

Theorem O.k. For each k > 1, there is a constant Kk such that for any bounded linear 
operator u: A — > 5, for any n > 1 and for any family {cij \ J £ [n] k } in A we have 



(0.1)* 



[(«(aj))](fc) < ^ll u ll[(°J/ 



l(fc)- 



Moreover, we haveK k < 2 (3k /^~ 1 . 

The proof is essentially in section 1 (it is completed in section 2). 

3 



We now reformulate this result in a fashion which emphasizes the connection with the 
notion of complete boundedness for which we refer to [Pa] . 

Let A C B(H) be a C*-algebra embedded as a C*-subalgebra. (H a Hilbert space.) 
We denote as usual by M n the set of all n x n complex matrices (equipped with the norm 
of the space B^)) and by M n (A) the space M n <g> A equipped with its natural C*-norm, 
induced by B(£%(H)). More generally, let S C B(H) be any closed linear subspace of B(H) 
(H is a Hilbert space) . We call S an "operator space" . 

We denote by S © A the completion of the linear space S © A equipped with the norm 
induced by B(H ©2 H) (here Ti ©2 H denotes the Hilbert space tensor product of Ti and 
H). We will repeatedly use the following fact (for a proof see Lemma 1.5 in [DCH]). Let K 
be an arbitrary Hilbert space. Whenever u : S — > B(K) is completely bounded, the map 
Ia®u: A®S^A® B(K) is bounded and we have 

(0.5) \\Ia®u\\ a ® s ^a®b(k) < \\u\\cb- 

Clearly S <E> A is again an operator space embedded into B(H ®2 H). 

For example, we will need to consider a particular embedding of the Euclidean space 
£2 into M n @M n as follows. (We equip M n @M n with the norm ||(x, y)|| = max{||x||, ||y||}, 
for which it clearly is an operator space embedded - say - into M 2n in a block diagonal 
way.) We denote by E n the subspace of M n © M n formed by all the elements of the form 

x i \ /./•■... x 7 




o 

with xi, . . . ,x n £ C. Let (e^) be the usual basis of M n . We denote by 



the natural basis of E n , (so that the above element can be written as Y2 x i$i-) ^ s a 
Banach space, E n is clearly isometric to IV^. More precisely, for any C*-algebra A and for 
any a±, . . . ,a n in A we have (this known fact is easy to check) 

(0.6) |j^©a; ^^ = maxj (j^a*a;) / , (^cua*^) 1 j 

or equivalent ly 



= [(ai)](i) 



in the preceding notation. 

Let us denote by E% the tensor product 

E n <S> • ■ • <8> E n (k times) . 

Then, Theorem O.k implies (and is actually equivalent to) the following. 
Proposition O.k. For any u: A — > B 

\\I E k ®u\\ E kQ A _> E k 9B < 2( 3fc / 2 )- 1 ||u||. 

This proposition is proved in section 1. In section 2 we extend (0.6) and compute the 
norm of an element of E% ® A for k > 1 to deduce Theorem O.k from Proposition O.k. 

In section 3, we develop the viewpoint of [LPP] which dualizes inequalities such as 
(0.1)i or (O.l)fc to compute (an equivalent of) the norm of certain random series with 
coefficients in a non-commutative Li-space. Let (ej)je'N be an i.i.d. sequence of random 
variables each distributed uniformly over the unimodular complex numbers. (Such vari- 
ables are sometimes called Steinhaus variables.) Let A* be a non-commutative Li-space. 
Roughly, while [LPP] treats the case of A„,-valued random variables which depend linearly 
on the sequence (sj), we can treat variables which depend bilinearly or multilinear ly in the 
variables (ej). For a precise statement see Theorem 3.6 below. 

It might be useful for some readers to emphasize that the variables (ej) can be replaced 
by independent choices of signs or more importantly by i.i.d. Gaussian variables. All our 
results remain true in this setting, but with different numerical constant, this follows from 
the fact (due to N. Tomczak-Jaegermann) that A* is of cotype 2, see e.g. [P3] p. 36 for more 
details. We also would like to draw the reader's attention to Kwapieh's paper [K] which 
contains "decoupling inequalities" quite relevant to the situation considered in Theorem 3.6 
below. Using [K] one can deduce from (3.1) below some "non-decoupled" inequalities. For 



l<i<j<n 



dP where 



instance, we can find an equivalent of integrals of the form f 
Xij G A* and (£j)j>i is an i.i.d. sequence of symmetric ±1 valued random variables on a 
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probability space (Q,P), and similarly in the multilinear case. We will not spell out the 
details. 

The results of the first three sections of this paper rely heavily on the following fac- 
torization result proved in section 1: The identity map Ie„ on the operator space E n has 
a completely bounded factorization through the von Neumann algebra VN(F n ) associ- 
ated with the left regular representation of the free group with n generators, i.e. there are 
w n : E n -> VN{F n ) and v n : VN(F n ) -> E n such that 

Ie„ = v n w n and ||vn||c&||wn|U < 2. 

In section 4, we show that for any sequence of factorizations Ie„ = v n w n (n = 1, 2, ...) of 
the identity maps I& n through injective von Neumann algebras we have 

lim ||Un|U||Wn||c6 = +00- 

n^oo 

Combining these two facts about the factorization of Ie„ with Voiculescu's recent result 
([VI]) that the algebra of all n x n matrices over VN(F 00 ) is isomorphic (as a von Neumann 
algebra) to VN(F 00 ), we show at the end of section 4 that the von Neumann algebra 
VN(F n ) is not a complemented subspace of B(H) for any n > 2. (For very recent results 
on similar questions, see [P4,CS].) We also include several general remarks about the 
relation between the existence of a -completely bounded linear projection from B(H) onto 
a subspace S and that of a bounded linear projection from S(^) <8> B(H) onto Bit^) <S> S. 
For instance, if S is weak-* closed and if B(l2)®S denotes the weak-* closure of B(£ 2 )®S 
in B(£ 2 <S> H), we show that there is a bounded linear projection from B(£ 2 <S> H) onto 
B(£ 2 )^S if and only if there is a completely bounded one from B(H) onto S. 

Finally, we compare the space E n with the linear span S n of a free system of random 
variables {x±, x n } in a C*-probability space (A, tp) in the sense of Voiculescu [VI, 2]. In 
particular, in the case of a semicircular (or circular) system in Voiculescu's sense, we show 
that there is an isomorphism u from E n onto the operator space S n such that 

||w||c6||w _1 ||c& < 2. 
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§1. Operators between C*-algebras. 

We will use repeatedly the following fact which has been known to the first author 
for some time. The main point ((1.2) below) is a refinement of one of the inequalities of 
[H2]. (We remind the reader that we denote simply by C^(F n ) ® A the minimal or spatial 
tensor product which is often denoted by C^(F n ) ® m i n A.) 

Proposition 1.1. Let F n denote the free group on n generators gi,...,g n , and let C^(F n ) 
be the reduced C* -algebra of F n , i.e. the C* -algebra generated by the left regular repre- 
sentation A: F n -> B(£ 2 (F n )). Then 

(1) For any C* -algebra A and for any set (a g ) ge s of elements of A indexed by a finite 



subset S of F„ 
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(2) For any C* -algebra A and for any set (a g ) ge G of elements of A indexed by a subset S 
of{g 1 ,...,g n ,g^ 1 ,...,g- 1 }: 
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J2 a 9 a l 
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< 2 max 

C* x (F n )®A 

Proof. (1) let (5 g )g£G be the standard basis of £ 2 (F n ). We may assume that A C B(K) 
for some Hilbert space K. Since the min-tensor product coincide with the spatial tensor 
product, we have for all unit vectors £ G K: 



> 



Cl(F n )®A 



ges 



J2 5 g® a gt 

ges 



1/2 



,gec 



1/2 



J2 a l a 9 ) S'f 



Taking supremum over all unit vectors £ G K we get 



A (#) a s 
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a g a g 


ges 


C*(F„)® 




ges 
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The same argument applied to the norm of (X(g) <8> a 5 )* = X(g 1 ) ® a* gives 





5a 9 


> 


J2 a 9 a l 


sec 




C*(F n )®A 


ges 
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This proves (1). Note that the statement (1) actually holds in C^(T) <g) A for any discrete 
group T. 

(2) Consider first the case S = {gi, . . . , g n , g^ 1 , . . . , g^ 1 }- We can write F n as a disjoint 
union: 

K = {e}u(ur+lu(ur: 



,i=l 



.i=l 



where 



r+ = set of reduced words starting with a positive power of gi 



Y i = set of reduced words starting with a negative power of gi. 
Let e ,e/" and e~ denote the orthogonal projection of £ 2 (F n ) onto the subspaces C5 e , 
£ 2 (T+) and £ 2 (T~) respectively. Then these projections are pairwise orthogonal and 

n n 

1=1 i=l 

For any g G G and for any generator g^, the length of the reduced word for gig is either 

|^| = bl + l or \gig\ = \g\-l. 

The first case exactly occurs when g^g starts with an element of TJ and the second case 
when g starts with an element of T~ . Hence for all g G G: 



Km)$g 





= \9\ 


+ 1 


\9%9\ 


= If 1 


- 1 



efX(gi)5 g + X(g i )e i 5 g (all cases). 



Therefore 



and by taking adjoints: 



K9i) = e ?H9i) + K9i) e 'i 



\(g- 1 )=e-\(g- 1 ) + \(g- 1 )et. 



Set 



Ui = efXigi), u n+i = e i X(g i x ) 



i = 1, . . . , n 



Vi = K9i X ) e i > v n+i = Kgi x ) e t 
and for simplicity of notation, set also g n +i = <7j _1 , i = 1, • • • , n. Then 



X(gi) = Ui + Vi, i = 1, . . . ,2n. 



Since (ef + e i ) = 1 — e we have 



i=l 



In 



2n 



i=l 



i=l 



So 



2n 

E 



< 1 and 



2n 



X^ 



i=l 



< 1. 



For elements c±, . . . , c m , di, . . . , d m of a C*-algebra £? one has easily that 



X c *^ 



i=i 



< 



E 

i=i 



1/2 



X« 
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Hence, with m, . . . , um, v i, . . . , vm as above and ai, . . . , a2 n £ A 



2n 



i=l 



5^(u» <8> 1)(1 ® 



i=i 



UiU t 



< 



|X<< 



1/2 



1/2 



2n 



C;(F„)®A 
1/2 



X< 

i=i 



9 



and similarly 



IE 



Vi <K> di 



< 



C*{F n )®A 



^2(l®ai)(vi® 1) 



i=l 



1/2 



1/2 



C*(F n )®A 
1/2 



i=l 



so altogether 
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2n 
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= 1 
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This proves (2) in the case S = {gi, . . . , g n , g l 1 , . . . , g n 1 }, and the remaining cases follows 
from this by setting some of the a g 's equal to 0. ■ 

Remark. The preceding statement remains true (with the obvious modifications) for the 
free group on infinitely many generators. See also Proposition 4.9 below for a generalization 
of (1.1) and (1.2). 

Remark 1.2. The proof of (2) is an illustration of the following general principle. Let 
Ti,...,T n be operators on a Hilbert space H and let c be a constant. The following 
properties are essentially equivalent: 

(i) c For any C*-algebra A and any set (aj)i< n in A we have 

f 1 / ^ 1 / 2 

H^TiOai <cmaxi (^a*a;) , (^a;a*) I. 
(u) c There are operators Ui, Vi in B(H) such that Tj = iti + Vi and 



+ 
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< C. 



More precisely, we have (ii) c =>- (i) c and (i) c =>- (11)20 The implication (ii) c =>- (i) c follows 
as above from the triangle inequality. To prove the converse, note that (i) c equivalently 
means that the operator u: E n — > B(H) which maps 8i to Tj satisfies ||w|| C 6 < 1- By the 
extension property of c.b. maps (cf. [Pa, p. 100]) there is an extension u: M n ®M n — > B(H) 
such that u(5i) = Ti and \\u\\ c b < 1- Letting Ui = u(en © 0) and Vi = u(0 © en) we obtain 
a decomposition satisfying (11)20- This shows that (i) c implies (11)20- 

Proposition 1.3. Let E n C M n © M n be tie operator space 

C\ ... c 



-En 



Then there are linear mappings 




o 



Ci, . . . , c n G C 



w: E n ^Cl(F n ) and u: C* x (F n ) - £ n 

such that 

vw = I E „ and \\v\\ cb \\w\\ cb < 2. 
Similarly, for the von Neumann algebra VN(F n ) generated X, there are linear mappings 

Wl : E n -> VN(F n ) and Vl : VN(F n ) -> £ n 

such that 

v 1 w 1 =I En and \\v 1 (UH^i || c & < 2. 

In particular E n is cb-isomorphic to a cb-complemented subspace of C^(F n ) (resp. of 
VN(F n )). 

Proof. Let (81, . . . , <5 n ) be the basis of E n determined by 

/ c i \ I d ... c n 

for ci, . . . , c n e C. Define u;: E n — > C£(F n ) by 

1 \ n 

,i=l / i=l 
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and?;: C*(F n ) - E n by 

n 

i=i 

where r is the trace on C^(F n ) given by 

r(y) = (yS e , S e ), ye C* x (F n ). (cf. [KR, p. 433]). 
For any set a\, . . . , a n of n elements in a C*-algebra A 

/ n \ n 

Since 



n 






^ e% ® cij 




{' °) 


i=l 







ai 



o 
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1/2 
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l/2\ 


max < 
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a * a i 


i 



it follows from Theorem 1.1 (2), that \\w <S> Ia\\ < 2. Hence \\w\\ c b < 2. Since 

r(A(<,)«A( ft )) = {j « = £ 
we get for any finite subset S C F n and scalar s (c g ) ge s 



and hence 



. g es J i=l 

( 3l eS) 



K ges 



i=l 

(g*es) 



Let S 1 = Sf]{ gi ,...,g n }. Then 



Y 5i<£) a(gi) 



i=l 

gies 



max 



< max 



Yl a (9)*a(g) 



1/2 



a (9)a(gT 



1/2 



geS 1 




ges 1 






1/2 








i 


J2 a (9)a(gT 


1/2 j 


geS 




ges 
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which by Theorem 1.1(1) is smaller than or equal to 



Hence \\v <g) Ia\\ < 1 and thus \\v \\ c b < 1. Therefore 

IMUIMU < 2 

and by construction vw = Ie„- This implies that w is a c6-isomorphism of E n onto its 
range 

w(E n ) = span{A(5fi) \i = l,...,n} 



and 



Moreover P = wv is a completely bounded projection of C^(F n ) onto w(E n ) and ||P|| C & < 
2. The proof with VN(F n ) in the place of C^{F n ) is easy since v admits an extension 
v\ : VN(F n ) — > £■„ with ||i>i|| c 6 < 1- We leave the details to the reader. ■ 

Lemma 1.4. ([PI, ffl, LPP]). Let u: A — > £? be a bounded linear operator between two 
C* -algebras A and B. Then for every n G N 

||-Te„ <8> m|U„<8)A— s n ®s < v 7 ^ ||u||. 

Proof. The statement of the lemma is equivalent to: For all ai, . . . , a n G A 
(1.3) 

max 111^^ w(ai)*w(ai) 1 1 , ||^~^ u(ai)u(ai)* j < 2||w|| 2 max j ||^^ a*aj| , ||^^ a^a* || | . 

This is essentially [PI], (see also [HI, LPP]). However to get the constant 2 in (1.3) one has 
to modify the proof of [HI, Cor. 3.4] slightly: 

Let T: A — > H be a bounded linear operator from the C*-algebra A with values in a 
Hilbert space. By [HI, Thm. 3.2], 



(1.4) 



E ii T (°*)ii 2 ^ ii t ii 2 (||E a H| + |5> fc °*ll) • 
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We can assume, that B C B(K) for some Hilbert space K. By the above inequality (1.4) 
we get for any £ e X, that 

E n«(«*)eii 2 < iiefH 2 (||E°HI + ||£ a *°*|) • 

Clearly (1.4) also holds for conjugate linear maps, so 

E n«(°*)*eii 2 < H£ii 2 iMi 2 (||E a HI + |E°* a *||) • 



Thus 

max|||E u(a fc )*u(a fc )|| , ||E u{a k )u{a k )* || | < ||w|| 2 (|E a fc°fc + ||E afca ^ ) 
which implies (1.3). I 

Theorem 1.5. Let u: A — > £? be a bounded linear operator between two C*-algebras A 
and B. Then for every k, n E N 



Proof. The theorem is proved by induction on k. By Lemma 1.4 the theorem holds for 
k = 1. Assume next that the theorem is true for a particular feeN. Let 

«;:£ n ^C!(F n ) and v. C* x (F n ) - £ n 

be as in Proposition 1.2, and let it: A — > £? be a linear map between two C*-algebras A 
and B. Clearly 



(1.5) 
where 



Ie„ <S>u= (v<S>u)(w<S> I a) 

\V®U\\ = \\(v®I B )(lE n ®U) 

< \\v\\cb\\lE n <S> u\\ 

< V2 \\u\\ \\v\\cb 
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by Lemma 1.4. Moreover v <8> u maps the C*-algebra C^(F n ) ® A into the C*-algebra 
M n {B) © M n (B), so by the induction hypothesis 



||/ B fc ®^<8)w|| < 2 2 1 || v u \\ < 25 fc -2 || u |||| v || cfe . 
On the other hand by (0.5) 

\\I E k <S>w <S> Ia\\ = \\Ie*®a ® HI < HHU 

Now by (1.5) 

I E k+i ®u = (I E k (g) v <g) u)(I E k ® w (8) /a)- 
Thus, by Proposition 1.3 

11/ fe+i < 2^ fc ~^ ||d| c J|w|| c b 
< 2i fc+ 5|| w || 
= 2 l(fc+i)-i|| u ||. 

Hence Theorem 1.5 follows by induction on fc. 
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§2. Description of 

In this section, we will identify the norm in the space E^®A with the norm previously 
introduced in (0.3) and (0.4) as [ ](&). 

Proposition 2.1. Let A be any C*-algebra. Let n > l,k > 1 and let {aj\J £ [n] k } be 
elements of A. Then 



(2-1) l(aj)) {k) 
where we denote if J = (ji, ■■■,jk) 



Je[n] k 



<5 'J = Sji 



The proof below is easy but the notation is a bit painful. Using Proposition 2.1 we can 
complete the proof of the results announced in the introduction. 

Proof of Theorem O.k : Consider an operator u : A — > B between C*-algebras. By 
Theorem 1.5 we have for all (aj) in A 



y25j®u(aj) <2^- 1 \\u\\\\Y d 5 J 



aj 



Taking (2.1) into account this immediately implies (O.l)fc and completes the proof of The- 
orem O.k. 

We now check (2.1). We will need the following elementary fact 

Lemma 2.2. Let H, H\, H 2 , H 3 , H4 be Hilbert spaces. Let e e Hi, f e H4 be norm one 
vectors. Let (ifj)j e j and (V'i)ieJ be orthonormal finite sequences in H 2 and H 3 respectively. 
Let dij be elements of a C* -algebra A embedded into B(H). Then we have 
(2.2) 

\\^2(e ®<pj) <g> (V>i <8> /) <S> ciij = sup { < y»aij-Xj > , W x iW 2 - - 1 1 ' 

jeJ x i eH 
Here the norm on the left hand side means the norm in the space of all bounded operators 
from Hi <g> 2 H 2 ®2 H into H3 <g> 2 H4 <g> 2 H. 

Proof. We may clearly assume without loss of generality that Hi = Ce, H 4 = <Df and 
that ((fij) (resp. (ipi)) is a basis of H 2 (resp. H s ). Then the norm we want to compute is 
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clearly equal to the norm of the operator 




as an operator from H 2 ©2 H to H 3 ©2 H. But then the general form of an element in the 
unit ball of Hi ©2 H (resp. H3 ©2 H) is given by Yl fj © x j (resp. ^2 ipi © Hi) with xj G Hi 
(resp. yi G H 3 ) such that \\xj\\ 2 < 1 (resp. WlJiW 2 < !)• Hence the norm of T (or of T) 



We need to introduce more notation. 
Recall that E n C M n ©M n and 5j = e^i — ©e^. We consider of course M n @M n as a subset 
of the set of all operators on tV, © IV, . It will be convenient to denote e?- = © and 
e\j = 0©e ij - in M n @M n . Also e° = e,©0 and e\ = 0©e; in IV, ©£™ . As is usual, for e, / in H, 
we will identify the tensor e©/ — with the operator a; — ►< e,x > f ( defined on if). Hence 
in tensor product notation we have (with the usual matricial conventions) = ej © 
and 5i = © e° + ej © e}. Let us denote by H the span of {en\i = 1, n} in M n and by 
-f/i the span of {en\i = 1, n} in M n , so that £ n C Hq® Hi. Let Po : #0 © #1 — ► Ho 
(resp. Pi : H © Hi — > #1) denote the canonical projection. We have i?®^ C (if © Hi)® k . 
For a G {0, 1} we denote 



is equal to the right hand side of (2.2). 



P a : (H ® Hi) 



k 



(#0©#l) 



fe 



the projection defined by 



Pa = P a (l) © P a {2) © ••• © ^a(fc)- 



Let us denote by Ix the identity on X. Then we have 




(2.3) 




Q€{0,1}* 




a 



17 



Proof of Proposition 2.1 : Let T = J2je[n] k ® a J- By (2.3) we have 



- a 

a 



where 



T a = Y,P^j)®cij. 



We now claim that 

(2-4) ||T Q || = |IMIU- 

To check this, we can assume for simplicity (up to a permutation of the factors in the tensor 
product) that a is the indicator function of the set {1, 2, ...,p} for some p with 1 < p < k. 
Then if J = (ji, ...,jk) we have 

(2.5) P a (5j) = e) xl <g> ... ® e) pl ® e° ljp+l ® ... ® e° Jfc . 

(Recall the convention that the tensor e ® f represents the operator x — >< e,x>f). Let 
e 1 (o;) = ej; <g> ... ® e\ -(p times) and f°(a) = e° ® ••• <8> e° (k — p times). 

Then (2.5) yields 

^a(^j) = (e x («) ® ej p+1 ® ... ® ejj ® (e^ ® ... ® ej p ® /°(a)). 

If we now write ef • • instead of ef ® ... ® ef for £ = or 1, we can rewrite the last 
identity as 

(2-6) P Q (5j) = (eV) ® e ; a(J) ) ® (ei ae(J) ® /°(a)), 

where we recall that 7r a : [n] — > [n] Q denotes the canonical projection. Then the above 
lemma 2.2 gives in the present particular case 

ll T «ll = HE( el («) ® e L(j)) ® ( e Lc(j) ® /») ® Ml = iimii- 

J 

This proves our claim (2.4). 
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Now, we can conclude. Let us denote h° = © and h 1 = © £% in £% © Let K a be 
the support of T a (i.e. the orthogonal of its kernel) and let R a be the range of T a . Then 
the preceding formula (2.6) shows that K a is equal to the tensor product F\ ©F2 © ... ®Fk 
where 

Fj = Ce} - if -ject 

and 

= h° - if - j ^ a. 

It follows that the subspaces (K a ) are mutually orthogonal. Similarly, the family (R a ) is 
mutually orthogonal. By a well known estimate it follows that 



ET a = max||T a| 
a 



This completes the proof. 
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§3. Random series in non-commutative I^-spaces. 

Let A be a von Neumann algebra with a predual denoted by A* . 
Let £1, . . . , £ n e A* and let (recall (0.2)) 



[(&)] 



(i) = sup||^(^,aj) cii E A [(ai)] ( i) < lj 



For instance, if A = B(H), A* = C\(H) (the space of trace class operators on H) and we 
have clearly 

1/2 \l/2" 



[&)] = inf *r (E xjxi) 7 " + f r (E y iy ?) 



where the infimum runs over all decompositions £j = + in C\{H). 

Let T N be the infinite dimensional torus equipped with its normalized Haar measure 
/x. The following result is proved in [LPP]. 
For all £i, . . . ,£ n in ^* 



(3-1) 2 [fe)] W " 



E^ 

i=i 



(!)• 



(See Theorem 3.3 below and its proof.) 

It is easy to deduce from (3.1) a necessary and sufficient condition for a series of the 

form 

oo 

S(f) = £V% , t = (tj)j 6 N£T N 
i=i 

to converge in L 2 (T N , A*). The aim of this section is to prove a natural extension of 
(3.1) to double series of the form 

oo 

S(t',t")= E «#e<&* 

with £ jk e A*, t', t" e T N . More generally, we will consider for any k > 1, elements £j 1 j 2 ...j k 
in A* and will find an equivalent for the expression 



E 



32---3k 



j 1 <n,...,j k <n 



dfi(t 1 )...dfj,(t k ). 
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See Theorem 3.6 below for an explicit statement. 

Let A be a C* -algebra throughout this section. We will denote simply 



C n — C{(F n ) 

and 

C k = C n <%>■■■ ®C n (k times). 

We always equip the tensor products such as E n <g> A, C n ® A, C k ® A with the spatial (or 
minimal) tensor product. More precisely, whenever S C B(K) is an operator space and 
A C B(H) is a C*-algebra, we will denote by S <8> A the linear tensor product equipped 
with the norm induced by B(K (g> 2 H). 

Let G be a discrete group. For t e G, let A*(£) denote the element of C^(G)* given by 

\/aeC* x (G) (X4t),a) = (a6 e ,8 t ). 

Clearly 

f 1 if s = t 

(\*(s),\(t))=\ 

y otherwise. 

Note that if C^(G)* is identified with B\(G) in the usual way (see for instance [E]) then 
A*(£) simply corresponds to the function St- 

For any J = (ji, . . . ,jk) £ M fc we denote by gj the element of (F n ) k defined by 

9 J = (9jiT--,9j k )- 
Then with the obvious identification 

we have X(gj) = <E> • • • <E> X(gj k ). We will also consider the dual £"* of the space £? n 

considered in section 1 and will denote by {5*} the basis of E* which is biorthogonal to 
{5j}. We will also consider E k = E n <g> • • • <8> E n (k times) and its dual (E k )*. We will 
denote for any J = (jx, . . . ,j k ) in [n] k 

S*j = S* 1 ^---^S* k e(E^y 
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and 

K(gj) = \*(g h ) ® • • • ® A*(# fc ) e (C*)*- 
We will denote by the infinite dimensional torus i.e. we set 

= T N 

and we equip O with the normalized Haar measure fx. (In most of what follows, it would 
be more appropriate to replace O by O n = T n , but we try to simplify the notation.) We 
will denote by 

the sequence of the coordinate functions on O. Moreover, we will consider the product Q k 
equipped with the product measure fx k . For any J = (ji, . . . ,jk) e [n] , let ej: Vt k — > T 
be the function defined by 

V (ti,..., t fc ) e O fc ej(*i,...,*fc) =£ J1 (ti)...e Jfc (tfc). 

Equivalently ej = Sj 1 <S> • • • <S> £j k - We first record a simple consequence of Proposition 1.3. 
Lemma 3.1. For any {ej | j < n} in A* we have 

iWYs^tj < \\yx,(9j)^^ < Wys*®^ 

9 ||Z_^ 3 ^ (E n ®A)* J J <<~< ^ a\* \\^ 3 ^ 



(C n ®A)* 



(E n ®A)* 



Proof. Let v,w be as in Proposition 1.3. Since wSj = X(gj) and v(X(gj)) = Sj we have 
(w®I A )*(\*(gj)®£) = 5 j ®£i and ( v ®lA)*(8j®£j) = K(gj)®£j. Hence, recalling (0.5), 
Lemma 3.1 follows from ||w|| c b < 2 and ||i>|| c & < 1- M 

The next lemma is rather elementary. 
Lemma 3.2. 

(i) Consider | i,j = l,...,n} in A*. For any orthonormal systems cpi,...,<p n and 
ipi, ip n in 1*2 (/•*) (where \i is a probability as above) we have 
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(ii) For any k > 1 and any (£j) in A* we have 



(3.3) 


E ^ 


< 


E 




JE[n] k 




J€[n] fe 



Proof: (i) To prove this, it clearly suffices to assume that A is a von Neumann algebra 
and that £y G A*. Since M n (A) is a subspace of M n {B{H)) for some Hilbert space if, 
by duality its predual M n {A)* is a quotient of M n {B{H))*. This shows that it suffices 
to prove (i) for A = B(H) and G B(H)*. Then we can identify M n {B{H))* with the 
projective tensor product ^(H)*®^^)- Consider an element x (resp. y) in the unit ball 
of £%(H) (resp. £%(H)*). Let f be the element of M n (B(H))* defined by f = y <g> a; or 
equivalently, £ = with £y = yj ® Xj. For such a £ we have 



( 



j2^i(t)^(^ij\\%Mt)dKs)) 1/2 = {J \\Y,vi(t>ifMt) J iiE^w 2 ^*)) 172 



= ||x|| \\y\\ < 1. 



Since the unit ball of M n {B{H))* is the closed convex hull of elements of this form, we 
obtain (3.2). 

(ii) Consider a subset a C {1, ...,&}. We denote by a c its complement. Recall that for 
elements (aj)j e [ n ]fe in A the norm ||(aj)|| a defined in (0.3) can be viewed as the norm of a 
matrix acting from £ 2 ([n] a: ,H) into £2([n] aC , H) . Therefore we deduce from (3.2) that for 
any (£j)je[np in A* we have 



(3.4) 



E 

J6[n] fe 



Observe that by duality (2.1) has the following consequence. 



If 



V n 



< 1 then there is a decomposition 



0= E # ^ E IK^)Ha< 1- 
aC{l,...,fc} a 



Therefore (3.3) follows from (3.4) and the triangle inequality. 



We now reformulate the main result of [LPP] in our framework. 
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Theorem 3.3. For any | j < n} in A* we have 



(3.5) 



< 



< 



Proof. The left side is (3.3) above for k = 1. By our earlier analysis of E n <g> A, the right 
side is clearly equivalent to the following fact. 

Assume || J2 £ j^j\\ Ll ^ tJi .A*) < Then there is a decomposition £j = Xj + yj in A* such that 



V(a,) G A 




< 


(j>* aj ) 1 


and — 




< 


(J2 a 3 a i) 1 



This is precisely what is proved in section II of [LPP], except that the sequence isj) on O 
is replaced by the sequence (e t3Jt ) on the one dimensional torus. By a routine averaging 
argument, one can then obtain the preceding fact as stated above with (sj). (Note actually 
that the approach of [LPP] can be developed directly for the functions (ej), this is explicited 
in [P2].) 

We now relate certain series on Z n (formed by iterating the expressions appearing in 
Theorem 3.3) with the corresponding series on the free group F n = Z * • • • * Z. In other 
words, our aim is to compare for these series the free group F n with n generators with its 
commutative counterpart Z n . 

Lemma 3.4. For any {£j | J G [n] h } in A* we have (the summation being over all J in 
[n] k ) 



Proof. By the preceding three statements, we know that this holds for k = 1. We now 
argue by induction. Assume Lemma 3.4 proved for an integer k > 1, and let us prove it 
for k + 1. 

Consider elements | J G [n] k ,j G [n]} in A*. We have 

j/ € [ n ]fc+i Je[n} k \3<n 
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By the induction hypothesis, we have 



(3.6) 



<2 k [ \\EeAt)vj 



(C K N +1 ®A) 



(C®A)* 



dfx k (t) 



where rjj = J2 K(gj) <S> 



Now for each fixed t in fi fc , we have by (3.5) and Lemma 3.1 

l$>^HL^ - 2 / Il5> (t) (e^ML> (s) 



Integrating over t <E Q, k this yields 



(3-7) / E^Wryj ^ ^ d» k (t)<2 [ 

J W*-^ (C®A)* J 



j , e[n] k + 1 



d^ k+1 \ 



hence (3.6) and (3.7) yield the induction step for k + 1. This concludes the proof for the 
right side inequality in Lemma 3.4. The proof of the other inequality is entirely similar. ■ 

We now come to the main result of this section. 
Theorem 3.5. For any {£j \ J e [n] k } in A*, we have 



Li(Ai fc ,A") 



Proof. With v and w as in Proposition 1.1, we have \\w® k \\ cb < 2 fc , hence by (0.5) 



\w 



Ia\\e%®a-^c's®a < 2 



Moreover, we have w® k (5j) = X(gj) hence (w® k <S>lA)*(K(gj) = This yields 



<2 k \\J2K(gj)®tij 



{c*®Ay 



(E*®Ay 

Combined with Lemma 3.4 this gives the right side in Theorem 3.5. The left side has 
already been proved in Lemma 3.2. ■ 

Remark. A slight modification of our proof yields Theorem 3.5 with the constant 2 2k ~ 1 
instead of 2 2k . 
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Remark. Let k be a fixed integer. Consider the mapping 



Q k :C(Q k )^E k n 

defined by 

v/ g c(n k ) Q k (f) = fW^ 

Je[n] k 

where / is the Fourier transform of /, i. e. f(J) = J f(t)ej(t)dfi k (t). Let N k = Ker(Q k ). 
Dualizing (3.3) we find that ||Qfc||c6 < 1- Hence, considering Q k modulo its kernel and 
equipping C{VL k )/N k with its quotient operator space structure (in the sense of [BP,ER]), 
we find a map 

U k : C(Q k )/N k -> E k n with ||?7 fc |U<l. 

Then Theorem 3.5 admits the following dual reformulation: U k : C(fl k )/N k — > E k is a 
complete isomorphism and ||^ 1 || c 6 < 2 2fc . In other words, the space C(Q k )/N k is, for 
each k, completely isomorphic (uniformly with respect to n) to E k . 

Assume now that A is a von Neumann algebra and let A* be its predual. We define 
for any family (xj)j e ^k in A* the norm which is dual to the norm || || Q defined in (0.3). 
We set 

(3.8) \\(xj)\\* a = sup 

Then we define 
(3-9) [(xj)]f fc) =inf W x jWa 

ae{0,l} fe 

where the infimum runs over all Xj in A* such that xj = Yl x j- 

ae{0,l} fe 

Assume that A = (A*)* is a von Neumann subalgebra of B(H) and let q: N(H) — > A* be 
the quotient mapping which is the preadjoint of the embedding A B(H). We can also 
write 

(3-10) IIMIi;=inf{^|A m |} 
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( a J' x j) 



ajeA, \\(aj) 



U<i 



JE[n] k 



where the infimum runs over all the possibilities to write (xj) as a series 



xj = Y, X ™ h 2(J)® k: 



-K a c (J) 



,m 



rn 



where (/i^)ie[ n ] a an d (fc™)je[n]" c are elements of H such that \\^T\\ 2 — 1 and H/c^H 2 < 

* j 

1 for each m. 

The identity of (3.8) and (3.10) is clear since the dual norms are the same by (0.3). Similarly 

k 

it is clear that the dual space to (A*) n equipped with the norm [ ]* fc ^ can be identified 

k k 

with (A) n equipped with the norm [ ](/-). By Proposition 2.1, this means that (A*) n 
equipped with the norm [ j*^ can be viewed as a predual (isometrically) of ® A. 
Hence, we can now rewrite Theorem 3.5 a bit more explicitly. For all (xj) in A*, we have 
(as announced in the beginning of this section) 



In particular, we can state for emphasis. 

Theorem 3.6. Let A C B(H) be a von Neumann subalgebra with predual A* and let 
q: H®H — > A* be the corresponding quotient mapping. Consider {xj \ J E [n] k } in A* 
such that 



(3.11) 





Then (xj) admits a decomposition as 



Xj = 



E x 



a 



J 



<*e{o,i} fe 



with 




where for each a, {h™ \ i E [n] a } and {kj 1 \ j E [n] a } are elements of H such that 
|| II 2 — 1 an d II || 2 < 1 and where are scalars such that 





a 



m 
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Conversely, if (xj) admits such a decomposition, we must have || ^ £ J x j\\L 1 (Q. k A ) < ^ ' 

Proof. The proof is nothing but (3.9), (3.10) and (3.11) spelt out explicitly. 

Remark. The preceding theorem proves one of the conjectures formulated in [P2] in the 

case A = B(H), A* = H®H. 
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§4. Complements. 

The following result shows that in Proposition 1.3, the algebra (C^(F n ))^ =1 cannot 
be substituted by any sequence of nuclear algebras. 

Theorem 4.1. Let A be either a nuclear C* -algebra or an injective von Neumann algebra, 
and let Ie„ = vw be a factorization of Ie„ through A. Then 

IMUIMU ^ g' 1 + ^ n '~ 

For the proof we need the following. 
Lemma 4.2. Consider the subspace S n of M n © M n given by 
fx, \ 



X 2 



''■ o 



Vl ■■■ Vn 

O 



xi, . . . , x n , yi, ...,i/n £ C 



and define R: S n — > «S n by 



© y) = y t © x*, x®yeS n . 



Then 



(a) \{Is n + R) is a projection of S n onto E n and 



0(1 + Vn>. 



c6 



CbJ For any projection Q of S n onto E n (resp. M n © M n onto E n ) one has 

\\QU>\(l + yffi- 

Proof, a) Obviously R 2 = Is n and E n = {a G S n \ Ra = a}. Hence \{Is n + R) is a 
projection of S n onto E n . Let A be a C* -algebra. Then 



01 



S n © A = 



: O 



Mr 



61 ... b r 

o 
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ai,...,a n ,6i,...,6 n G A 



and 



ai 

(R®I A ) ( ( : O 



&i ... b r 

o 



ai 



o 



o 



Since 



/,, 1/2 I, l/2\ 

(||z^*^ 5 ||2^ a i a i J < v / ^max{||ai||,...,||a n ||,||6i||,...,||6 n ||} 

< yfn max | |jy^ g*^ , jjy^ frjfr* j 



it follows that ||i2<E> 1a|| < v^- Hence ||-R|| C 6 < an d thus 



;fe + #) 



<77(l + v^). 



cb 



To prove the converse inequality it suffices to consider n > 2. Let A be the Cuntz algebra 
O n (cf. [C]), which is generated by n isometries si, . . . , s n G -B(-ff) satisfying 



(4-1) 
(4.2) 

By (4.2) the element 



i=l 



(*1 \ 



■ o 

in S n <S> A has norm ||z|| = 1, while 



si ... s n 

o 



(7 Sn + R) ® /a (z) = 



has norm 



5>i + *,*) : 



1/2 



o 



1/2 



= ^u P |^ii( Si + s :)eii 2 iee^ nen = ij 
= ^ sup { ( + SiS * 1 + ^ + (s ** )2 ) ^ e ) 



1/2 



||£|| = l 
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n n 

By (4.1) and (4.2), £ s*s* = ni" and £ = /. Set 

i=i i=i 



1 n 

v = ~F= / s i- 

v 1=1 



By (4.1), v*v = I so t> is an isometry. By (4.1) the range of v is orthogonal to the range of 
the isometry SiS2 : Indeed for e 



= -7=(S2*1^»»/) 

= 0. 

Hence v is a no n- unitary isometry. Therefore the point spectrum of v* contains the open 
unit disk D (cf. e.g. [KP], p. 253). Hence also the "numerical range" of v 

{(vte)\M\\ = i} = {(.t,vt)\u\\ = i} 

contains the open unit disk. In particular the number 1 is in the closure of this set. Therefore 



sup 

iien=i 



i=l 

= n + 1 + sup (Re«, f )) 

ll€ll=i 



> n + 1 + 2y/n 
= (l + v^) 2 - 

Hence \\(±(I Sn + R) ® Ia)(z)\\ > \{1 + y/n)\\z\\, which proves (a). 

(b) Let Q be a projection from S n onto E n . Set Q = Q-R = RQR. Then Q is also a 
projection from to E n . Let z m denote the identity on M m and t m the transposition of 
M TO . Then 

Q®im = {R®t rn )(Q®i rn )(R®t m ). 

Since t n <E> t m can be identified with transposition on M nm , ||£ n <g> t m \\ = 1. Hence by the 
definition of R, 

\\R<8>t m \\ < 1. 
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Therefore 

\\Q® i m \\ < \\Q®i m \\, rn G N 
and so ||Q|| C & < ||<3|| c &, and therefore also 

\(Q + Q) <\\QU- 

Z cb 

But 



l(Q + Q)=Q^(ls n +R) 

and since Q is the identity on E n , which is the range of \{Is n + R), we have \{Q + Q) = 
±(/ 5 „ +J R).Thus 



||QIU> 



Vs n + R) 



1 



(l + y/n). 



onto 



If ip: M n © M n — > E n is a projection of norm 1, then from the above 



cb > U\sjcb > ~(l + Vn), 



proving (b). 



Proof of Theorem 4.1. Let Ie„ = vw be a factorization of Ie„ through an injective 
von Neumann algebra A. By the injectivity of A, w can be extended to a linear map 
w: M n © M n — > A such that \\w\\ c b < IIHIc6 (cf. [Pa] Theorem 7.2). Clearly Q = v w is a 
projection of M n © M n onto E n . Hence by (b) in the preceding lemma 

~ 1 

IMUIIHIc6 ^ IMUHHU > WQWcb > -jp- + Vn)- 

This proves the announced result when A is an injective von Neumann algebra. If A is a 
nuclear C*-algebra, and Ie„ = vw as above, we can extend v to a a(A**, A*)-continuous 
linear map v: A** — * E n such that \\v\\ c b = IM|c6- Since A** is an injective von Neumann 
algebra (cf. e.g. [CE]), we are now reduced to the preceding case. ■ 

Remark 4.3. The constant |(1 + y/n) is best possible in Theorem 4.1 : Namely let 
A = M n © M n , let w: E n — > M n © M n be the inclusion map and define a projection 

v: M n ®M n ^ E n by 

v{x®y) = ^(I Sn + R)(xp®py), x@yeM n @M n 
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where p 



(\ 


Vo 



O 



Then clearly vw = Ie and 



\v\\cb = \\v\\cb\\w\\cb < 



\(Is n +S) 



cb 



which indeed shows that Theorem 4.1 is sharp. 

In connection with Lemma 4.2 (b), note that there is obviously a projection P: M n © 
M n — -> E n with (ordinary) norm ||P|| < 1 (simply take P = v with v as in Remark 4.3). 
However, we will show below that the projection constant of E n ®M n in (M n @M n ) ®M n 
goes to infinity when n — > oo. To see this it is clearer to place the discussion in a broader 
context. 

Let S C B{H) be a closed subspace. We define X(S) (resp. X c b(S), X n (S)) to be 
the infimum of the constants A such that there is a projection P: B(H) — > S satisfying 
||P|| < A (resp. ||P||c6 < A,resp. \\I Mn <S> P\\M n (B(H))^M n (S) < A). Then by the extension 
theorem of cb. maps (cf. [W,Pa]), these constants are invariants of the "operator space" 
structure of S. By this we mean that if 5i C B(K) is another operator space which is 
completely isometric to S (resp. such that for some constant A there is an isomorphism 
it: S — > Sx with || -ix || ct. || -ix - 1 1| cfo < A) then X(Si) = X(S),X c b(S 1 ) = X cb (S), X n (Si) = X n (S) 
(resp. tA(5') < A(S'i) < XX(S) and similarly for the other constants). 

By a simple averaging argument we can prove 



Proposition 4.4. Let S C B(H) be a closed subspace. Consider M n (S) 
B{q{H)). Then 

(i) X n (S) = X(M n (S)). 

(ii) IfS is a (B(H),B(H)*) -closed in B(H) then 



M r , 



S c 



(4.3) 



X cb (S) = sup X n (S). 

n>l 



For any infinite dimensional Hilbert space K we have 



(4.4) 



X cb (S)<X(B(K)®S). 
33 



Moreover let B(K)®S denote the weak-* closure of B(K)<g)S in B(K <g> H). Then, 

\ ch {S) = \{B{K)®S). 

Proof, (i) The inequality X(M n <g> S) < X n (S) is obvious, so we turn to the converse. 
Assume that there is a projection 

P: M n <g> B(H) ^M n ®S 

with ||P|| < A. 

Let U n be the group of all n x n unitary matrices. Consider then the group G = U n xU n 
equipped with its normalized Haar measure m. We will use the representation 

tt: G — > B(M n , M n ) 

defined by 

tt(u, v)x = uxv*. 

We can define an operator P: M n ® B(H) — > M n <g> B(H) by the following formula 

(4.5) P = J(ir(u,v)®I B{H) )P(ir(u,v)®I B{H) )- 1 dm(u,v). 

Note that ir(u, v) leaves M n <g> S invariant so that the range of P is included in M n ® S 
and P restricted to M n ® S is the identity, hence P is a projection from M n ® B(H) onto 
M n <S> S. Moreover, by Jensen's inequality (notice that ir(u, v) ® Ib(h) is an isometry on 
M n ® 5(ff)) we have 

ll^ll < ll^ll < A. 

Furthermore, using the translation invariance of m in (4.5) we find 

(4.6) V (u ,v ) e G P(7r(u ,v ) ® I B (h)) = {^{u ,v ) ®I B (h))P, 

so that P commutes with h{uq, vq) <S> Ib{h)- By well known facts this implies that P is of 
the form 

P = i Mn ® Q 
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for some operator Q which has to be a projection onto S. Indeed, since M n is spanned by 
U n , the above formula (4.6) is equivalent to: For all a, b in M n and for all x in M n ® B(H), 

(4.7) ~{{a®l)x{b®l)) = {a®l)~{x){b®l). 

Let (ejj)j 5 j = i 5 ... 5n denote the matrix units in M n . Set a; = ® y, where y is in B(H) and 
are in {1, ...,n}. Applying (4.7) to a = 1 — en and 6=1 — ejj, one gets (1 — e^)(ejj <8> 
~~ e jj) ~ ^- e - ( e y ®v) — e ij ® z f° r some 2 in B(H) depending on y, z and j. However 
applying (4.7) again, this time with a = ej~i and 6 = e^z it follows that z is independent 
of % and j. Hence =Jm„ ® Q, for some operator Q (which has to be a projection onto S). 
Finally, we conclude 

\\lM n ®Q\\ = \\P\\ < A 

hence X n (S) < X(M n <g> 5). This proves (i). 

We now check (ii). Consider an arbitrary closed subspace S C B(H) and let S be the 
a(P(if), B( if)*) -closure of £. We claim that there is an operator Q: £?(if ) — > £ such that 
Q|5 = is and ||Q||c6 < supA n (5'). 

n 

Let e n > be such that £ n — > 0. For each n there is a projection P n : B(H) — > S 1 such that 

(4-8) || Jm„ ® Pn\\M n (B(H))^M n (S) < (1 + £n)A n (S'). 

Let W be a non-trivial ultrafilter on N. For any bounded sequence (a n ) of real numbers 
(or for any relatively compact sequence in a topological space) we will denote simply by 
lima n the limit of a n when n — > oo along W. For any x in B(H) let 

Q(x) = limP n (x) 

where the limit is in the a(B(H), B(H) *)-sense. Observe that ||Q|| < lim||P n || < sup\ n (S). 
More generally for any integer m > 1 we clearly have 

V yeM m ®B(H) (f Mm ® Q) (y) = lim(f Mm ® Pn) (y) 
hence ||fM m <8> Q|| < lim ||fM m <8> P n || but when n > m we have obviously 

||f Mm ®Pn || < ||fM„ ®Pn || 
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hence by (4.8) we obtain 

\\lM m ®Q\\ < lim(l + e„)A n (5) < supA n (S), 

w n 

so that ||Q|| c b < sup n A n (<S). Clearly Q(B(H)) C S 1 and Q|s = is- This proves our claim 
and in the case S = S we obtain (4.3). (Note that X c b(S) > sup \ n (S) is trivial.) We now 

n 

turn to (4.4). We may clearly assume K = £ 2 . Recall that there is obviously a completely 
contractive projection -n n \ B(£ 2 ) — > M n (here M n is considered as a subspace of B(£ 2 ) in 
the usual way) hence 

X n (S) = \(M n ®S)< \\<K n \\\(B(e 2 ) ®S) = X(B(£ 2 ) ® S) 

which implies by (4.3) 

\ cb (S)<\(B(£ 2 )®S). 

This concludes the proof of (4.4). 

To prove the last assertion, note that M n (S) is clearly contractively complemented in 
B(£ 2 )®S hence we have 

Xcb(S) < su P A n (S) = su P A(M n (S)) < \(B(£ 2 )®S). 

n>l n>l 

To prove the converse inequality, note that B(£ 2 )(E)B(H) can be identified with the space of 
matrices a = (aij)ij e ^ which are bounded on £ 2 (H), and B(£ 2 )®S can be identified with 
the subspace formed by all matrices with entries in S. Then if P is a bounded projection 
from B(H) onto S, defining 

(a) = (PiOij^ijew 

we obtain a projection from B{£ 2 )®B{H) to B{£ 2 )®S with |||| < ||-P|| C &- To check this 
last estimate, observe that the norm of an element a = (a^ij^ in B(£ 2 )^B(H) is the 
supremum over n of the norms in M n (B(H)) of the matrices (aij)ij< n . This yields the 
last assertion. ■ 

Corollary 4.5. Let H, K be Hilbert spaces. Consider a completely isometric embedding 
E n -> B(H). Then, if dim K = oo, for any projection P from B(K)®B(H) to B(K)®E n 
we have 

||P||>^+1)- 
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A fortiori the same holds for any projection P from B{K <8> H) onto B(K) ® E n . 
Proof. By the preceding statement, this follows from Theorem 4.1. 

Corollary 4.6. Let M C B(H) be a von Neumann subalgebra such that M is isomorphic 
(as a von Neumann algebra) to M n {M) for some integer n > 2. Then if there is a bounded 
linear projection from B(H) onto M, there is also a completely bounded one. 

Proof: Note that if M is isomorphic to M n (M), then obviously it is isomorphic to 
M n (M n (M)) = M n 2(M), and similarly to M n s{M), and so on. Hence this follows clearly 
from the first two parts of Proposition 4.4 and the observation preceding Proposition 4.4. 
■ 

In particular we have using [VI] 

Corollary 4.7. Let M C B(H) be a von Neumann subalgebra. If M is isomorphic to the 
von Neumann algebra VN(F n ) (resp. VN(F OQ ) ) associated to the free group with n > 1 
generators (resp. countably many generators) then there is no bounded linear projection 
from B(H) onto M. 

Proof: First note that VN(F n ) trivially embeds into VN(F !X> ) as a subalgebra which is the 
range of a completely contractive projection. Therefore by Proposition 1.3 and Theorem 
4.1 there is no completely bounded projection from B(H) onto M if M is isomorphic 
to VN{F 00 ). By [VI] M n (VN{F 00 )) is isomorphic to VN(F 00 ) for all n. Hence Corollary 
4.7 for VNIFqq) follows from the preceding corollary. To obtain the case of finitely many 
generators, recall the well known fact that F^ can be embedded in F n for all n > 2. (If 
a, b are two of the generators of F n , then it is easy to check, that 6, aba -1 , a n ba~ n , ... 
are free generators of a subgroup isomorphic to Fqq.) Therefore if M = VN(F n ) for n > 1, 
then VN(F oc ) is isomorphic to a von Neumann subalgebra iV C M, and since M is a 
finite von Neumann algebra, N is the range of a conditional expectation, hence there is 
a bounded projection from M onto N. Since there is no bounded projection from B(H) 
onto iV by the first part of the proof, a fortiori there cannot exist a bounded projection 
from B(H) onto M. ■ 
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For two operator spaces E and F of the same finite dimension n, one can define the 
complete version of the Banach-Mazur distance between E and F by 



dcb(E, F) = inf{||w|| c6 , \\u 1 \\ c b}, 

where the infimum is taken over all invertible linear maps u from E to F. By Proposition 1.3 
it follows that 

d cb (E n , span{A(#i) | % = 1, . . . , n}) < 2 

for all n G N. The next proposition shows that the same inequality holds if the unitary 
operators X(gi), ■ ■ ■ , X(g n ) are replaced by a semicircular or circular system of operators in 
the sense of Voiculescu [VI] . 

Proposition 4.8. Let n G N and let x\, . . . , x n be a semicircular or circular system of 
operators on a Hilbert space, then the map u: E n — > span{xi, . . . , x n } given by 

n n 

G C 

fc=l k=l 

satisfies ||w||cft||'W _1 || c b < 2. 

Proof: Assume first that semicircular system of selfadjoint operators in the 

sense of [VI]. By [V2], we can exchange xi,...,x n with the operators 

x k = ^(s k + 4), k=l,...,n 

where s\, . . . , s n are the "creation operators" £ — > ® ^ on the full Fock space 

based on a Hilbert space H with orthonormal basis (ei, . . . , e n ). In particular si, . . . ,s n 
are n isometries with orthogonal ranges, and therefore 

n 
k=l 
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Hence, as in the proof of Proposition 1.1, we get that for any n-tuple a±, . . . , a n of elements 
in a C*-algebra A, 



k 



1 

< - 
- 2 



< 



< max 



® ak 

k 



+ 



ak 



^2a* k a k 



1/2 



1/2 



k 



+ 
1/2 



1/2 



^a k a\ 



1/2N 



Hence ||«|| C 6 < 1- To prove that \\u 1 \\ c b < 2, notice that by [VI], [V2], the C*-algebra 
generated by xi, . . . , x n and 1 has a trace 

r: C*(xi, . . . ,x n , 1) -> C 

(namely the vector-state given by a unit vector in the C-part of the Fock space H), with 
the properties: 

r(l) = 1, r(x^) = ^ and r(x k x £ ) =0 fc^- 

Let ai, . . . , a n be n operators in a C*-algebra A, and let S(A) denote the state space of A. 
Then 



^x k ®a k 
k 



> sup (r <g) a;) ( ( V] x k <g) a fe I ^ <8> a^> 

«es(A) vVT / W // 

= T SUp CJ I a l a k I 



and similarly 



Y. X k®CL k 
k 



1 

" 4 

> 



k 



. Hence 





1 1 

> - max < 






1/2 




1/2 ^ 


^x k <g> a k 






i 


J2 a k a *k 




k 


~ 2 1 




k 




k 


1 
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proving \\u 1 \\ c b < 2. 

Assume finally that y\ , . . . , y n is a circular system. Then 

= -^=(x2fc_i + ^2fc), fc=l,...,n, 

where (xi, . . . ,x 2n ) is a semicircular system of selfadjoint operators. Therefore the state- 
ment about circular systems in Proposition 4.8 follows from the one on semicircular systems 
by observing, that the map 



n 1 n 

^ CkSk -> —7= ^2 C fc( e 2n-1 + e 2 fc) 
V 2 k=l 



k=l 

defines a c6-isometry of E n onto its range in E 2n - H 

To conclude this paper we give a generalization of Proposition 1.1 to free products of 
discrete groups, or more generally free products of C*-probability spaces in the sense of 
[VI] and [V2] . We refer to [VI] and [V2] for the terminology. 

Proposition 4.9. Let (A,ip) be a C*-algebra equipped with a faithful state (p. Let 
(Ai) ie j be a free family of unital C* -subalgebras of A in the sense of [VI] or [V2]. Consider 
elements Xi E Ai such that for some 5 > 



V -iel 



\%i\\ < 1) y>(xi) = and — min{ip(x*Xi), (p(xiX*)} > 5 A 



Then, for all finitely supported families (a^)^/ in B(H) (H Hilbert) we have 
(4.9) 



1/2 



Smax{ J^o-Oi , ^a^a* }< ^ 



V2, 



Xi (X) a, 



<2max{ J^o*Oi , J^c^a* } 



1/2 



1/2. 



Proof. We may assume that I is finite. The lower bound in (4.9) is proved exactly as in 
the semicircular case. To prove the upper bound we will prove that A can be faithfully 
represented as a C*-algebra of operators on a Hilbert space H, such that Xi admits a 
decomposition Xi = Ui + Vi with Ui, Vi in B(H) and 



(4.10) 



IE 



UaUi 



< 



1 — and — 



< 1. 



The upper bound in (4.9) then follows as in the semicircular case. 
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Following the notation of [V 2, pp. 558-559], we let be the space of the GNS- 

representation 7Tj = ir<p\Ai- I n particular ^ is a unit- vector in Hi and 

ip(x) = (ni(x)£i, £i) when x G A t . 

Then A can be realized as the C*-algebra of operators on the Hilbert space 

(H, = *ie/ -(^,6) 

generated by (J Ajo7rj(Aj), where Aj : B(Hi) — > B(H) is the ^representation defined in 

iei 

[V2, sect. 1.2]. For simplicity of notation we will identify Ai with its range in B(H), i.e. 
we set 

XioiVi(x) = x when x G Ai. 
Let x G Ai. Corresponding to the decomposition 

we can write 7Tj(x) as a 2 x 2 matrix 

7Ti(x) = 

where b G B(Hf),rj,( G iff and t G C. (Here we identify 77, £ with the corresponding 
linear maps from C to Hf, and we also identify C with (D£j.) The action of a; = Xio-Ki(x) 
on *iei(Hi,£i) can now be explicitly computed from [V 2, sect. 1.2]. One finds : 

(4.11) x£ = ri®Z + tZ, 

(4.12) x(/ii ® ... ® /i n ) = ® ... ® /i n + (/ii,C)^2 ® ••• <8> h n when n > 1, 
/ifc G Hf k , i = i x ^i 2 ^ ... ^ z n , 

(4.13) x(hi <S> ••• Cg> h n ) = 7] <S> hi ® ... ® /i n + £/ii ® ... ® /i n , when n > 1, /ifc G #° fc , 

where /12 <E> ••• ® fa n = £ f° r w = 1. 

Let ei G -B(-ff) be the orthogonal projection of H onto the subspace 

H i = e^ =1 (e(H il ®...®H in )) 
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where the second direct sum contains all n-tuples (ii, i n ) for which i = i\ ^ i 2 7^ ... 7^ i n . 
Prom (4.11), (4.12) and (4.13) one gets for all x in A { 

(4.14) (1 - ei )x(l - ei ) =<p(x)(l-ei) 

where we have used that 

t = (iri(x)£i, £t) = <p(x). 
Let now Xi £ \xi \ — < 1, <p(xi) = 0. Then by (4.14) 

(1 - ei)xi(l - a) = 

Thus Xi = Ui + Vi, where 

Ui = Xiei -and - vi = e^l - e*). 
Since \\xi\\ — < 1, and since (ej)j £ j is a set of pairwise orthogonal projections, 

iei iei 

and 

J^ViV* < J^e, < 1. 

This completes the proof of proposition 4.9. ■ 
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